In this paper, we present some important findings regarding a comprehensive characterization of dynamical behavior in the vicinity of two periodically perturbed homoclinic solutions. Using the Duffing system, we illustrate that the overall dynamical behavior of the system, including strange attractors, is organized in the form of an asymptotic invariant pattern as the magnitude of the applied periodic forcing approaches zero. Moreover, this invariant pattern repeats itself with a multiplicative period with respect to the magnitude of the forcing. This multiplicative period is an explicitly known function of the system parameters. The findings from the numerical experiments are shown to be in great agreement with the theoretical expectations. This paper is about a comprehensive characterization of overall dynamical scenarios resulting from the interaction of the stable and unstable manifolds of a dissipative saddle point. The presented results are applicable to a class of second-order systems and offer further insight and guidelines in the study of dynamical behavior in the vicinity of homoclinic solutions.
I. INTRODUCTION
The studies of the complicated dynamics caused by the intersections of the stable and unstable manifolds have played a major role in the advancement of the chaos theory. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] However, beyond the use of Melnikov 5, 12 method to prove the existence of Smale's horseshoe, 6 a complete characterization of the complicated behavior resulting from the interaction of the stable and unstable manifolds has remained elusive. A recent dynamics theory 13, 14 sheds considerable light into the characterization of such complicated dynamics of periodically forced second-order systems with a dissipative saddle point.
The main theme of this paper is to present and discuss some of the important results derived from this recent theory. Our results in this paper specifically apply to a class of second-order systems with a double homoclinic orbit to a dissipative saddle. The generic setting of the theory for the case of two homoclinic orbits can be outlined by first starting with the following second-order autonomous system: dx dt ¼ Àax þ f ðx; yÞ; dy dt ¼ by þ gðx; yÞ;
where f(x,y) and g(x,y) are high order terms at (x,y) ¼ (0,0). We assume that a > b > 0, and the stable and unstable manifolds of (0,0) of Eq.
(1) form two homoclinic loops. To Eq.
(1), we add a time-periodic perturbation of period T and define h ¼ xt to obtain dx dt ¼ Àax þ f ðx; yÞ þ lPðx; y; h=xÞ; dy dt ¼ by þ gðx; yÞ þ lQðx; y; h=xÞ;
where h 2 S 1 , x ¼ 2pT À1 is the forcing frequency, and @ x Pðx; y; tÞ ¼ @ y Pðx; y; tÞ ¼ @ x Qðx; y; tÞ ¼ @ y Qðx; y; tÞ ¼ 0.
In this case, expansions are created by two independent mechanisms inducing complicated dynamics in the system. These mechanisms are (i) The expansion induced by the intersections of the broken homoclinic loops. (ii) The expansion induced by large forcing frequency x.
Item (i) above is a well-noted singular expansion responsible for Smale's horseshoe, whereas item (ii) is a regular expansion responsible for rank one attractors 15, 16 with Sinai-RuelleBowen (SRB) measures [17] [18] [19] and fully stochastic behavior. 20 Under the setting above, the major findings of the new theory we focus on in this paper can be summarized as follows:
(a) As the magnitude of forcing l is varied, the directly observable dynamical behavior in the vicinity of the unperturbed homoclinic loops is one of periodic sinks, Hénon-like attractors, 21, 22 and rank one attractors with SRB measures and fully stochastic behavior. (b) As l ! 0, the sequence of observed dynamical phenomena, i.e., sinks, Hénon-like, and rank one attractors, repeats itself according to a multiplicative l-period that is given by
where T is the period of the forcing, and b is the unstable eigenvalue of the unperturbed equation. The subscript l in Eq. (3) is to indicate that the periodicity is over l. The multiplicative periodicity of Eq. (3) can be explained further as follows: consider a l-interval ½l 1 ; l 2 Þ such that l 1 =l 2 ¼ e bT . As l traverses the ½l 1 ; l 2 Þ interval, the observed behavior, according to the item (a) above, is a specific sequence of periodic sinks, Hénon-like attractors, and rank one attractors, which we refer to as the behavioral set. Then, according to item (b), this behavioral set repeats itself in exactly the same manner for the next l-interval ½l 2 ; l 3 Þ provided that l 2 =l 3 ¼ e bT , also. More precisely, as l ! 0, the behavioral set remains invariant for any ½l k ; l kþ1 Þ interval provided that
This situation is depicted in Fig. 1 where this multiplicative periodicity is shown as an additive one by using u ¼ ln l À1 . In Fig. 1 , the symbols R1, S1, HL1, and S2 denote different dynamical behavior corresponding to one-sided rank one attractors, one-sided sinks, one-sided Hénon-like attractors, and two-sided sinks, respectively. Here, by one-sided, the fact that the attractor is confined to one side (right or left) of the saddle point (0,0) is meant. By the same token, twosided would mean that the attractor spans both (right and left) sides of the saddle point (0,0). Note that we treat oneand two-sided attractors as different dynamical scenarios. It is important to note that, in reality, the behavioral set would be an infinite sequence of periodic sinks, Hénon-like attractors, and rank one attractors. However, in numerical experiments, due to the finite precision one has to work with, the behavioral set will consequently be a finite sequence of the above-mentioned attractors. The length of this sequence is dependent on the l-precision used in the simulations.
II. SYSTEM UNDER STUDY
The primary focus of this paper is to demonstrate the above-mentioned (a) and (b) by using the following nonlinearly damped Duffing system:
where
The eigenvalues for the fixed point (0,0) are (Àa; bÞ where
We assume that k 0 ; c 0 are fixed such that, when l ¼ 0, Eq. (5) has two homoclinic solutions for the saddle point (0,0). We also assume k 0 > 0 so that Àa þ b ¼ Àk 0 < 0, i.e., (0,0) is a dissipative saddle. Note that, by a simple change of variables, Eq. (5) can be put in the form of Eq. (2). When l 6 ¼ 0, the homoclinic loops are broken, and the stable and unstable manifolds interact in different ways (i.e., they are either completely separated or intersecting) depending on the values of the ðq; qÞ pair. The way these interactions manifest themselves is determined by the Melnikov functions as given in Ref. 14. Although the results of the theory 13, 14 are valid for other qualitatively different types of stable and unstable manifold interactions, here we present the results only for the specific case of Fig. 2 . It is important to note that, in Fig. 2 , the stable and unstable manifolds do not intersect, which is guaranteed by a certain choice of the ðq; qÞ pair. Here, our choice of the case of nonintersecting stable and unstable manifolds is deliberate. There is a common misconception that chaos observed in numerical experiments is always due to the intersections of the stable and unstable manifolds. As demonstrated by the theory of Refs. 13 and 14 and the results of our numerical simulations for the case of Fig. 2 , the occurrence of chaotic attractors is not always related to such intersections.
In the case of Fig. 2 sinks, Hénon-like attractors, and rank one attractors with the SRB measures.
III. DISCUSSION OF NUMERICAL RESULTS
In this section, the results of the numerical experiments regarding Eq. (5) are presented and discussed. Our numerical simulations are performed using the fourth-order Runge-Kutta integration routine with a fixed step size. In order to reveal the resulting asymptotic invariant pattern, and its periodic occurrence, the system of Eq. (5) is integrated by only varying l, and keeping the rest of the parameters fixed as follows: The initial conditions of ðq 0 ; q 0 0 Þ ¼ ð0:01; 00Þ are used throughout the simulations. Given k 0 , the unperturbed equation with a homoclinic solution is determined with a 12-digit accuracy on c 0 . With the parameter values given above, the unstable eigenvalue b from Eq. (7) and the multiplicative period, P l , of Eq. (3) are found to be
As the numerical simulations are repeated for varying values of l, only the l values for which the system behavior transitions from one type to another, such as, from sinks to rank one attractors, are retained and tabulated along with the corresponding behavior. Such a tabulation is given in Table I . The corresponding types of dynamical behavior are indicated in the "Dynamical behavior" column of Table I . It is worth noting that the dynamical pattern in Table I is specific to the selected precision on l for the starting l-cycle. A higher precision on l would yield a more complicated behavioral set. The values in the "Actual ratio" column show the experimentally obtained l-periodicity that is computed by taking the ratio of the respective l values within the two consecutive behavioral sets. The following remarks offer additional clarification for Table I: 1. In the simulations, the l values range from $ 10 À3 to $ 10 À5 . As was stated before, only the l values that cause the system behavior to transition from one to another, i.e., the l values at the bifurcation points, are retained. 2. For the first l-cycle of Table I , a single-digit precision is adapted. The resulting behavioral set in this case is S1, R2, S2, R2, S2, HL2, S2, and R2, where S1 and S2 denote oneand two-sided periodic sinks, respectively, R2 two-sided rank one attractors, and HL2 two-sided Hénon-like attractors. Attractors dominated by periodic sinks: these are the ones without the SRB measures. In this case, the pictures of the time-T maps consist of a finite number of isolated points as shown in Fig. 3(a) . ii.
Hénon-like attractors: these are chaotic attractors with a local SRB measure. The pictures of the time-T maps of these attractors manifest themselves as broken curves in the vicinity of the unperturbed homoclinic orbit as shown in Fig. 4(a) . Each of these broken curves is, in fact, a picture of very complicated dynamics, as is evident from Fig. 4(b) . iii.
Rank one attractors: these are chaotic attractors with a global SRB measure. The pictures of the time-T maps of these attractors manifest themselves as closed curves in the vicinity of the unperturbed homoclinic orbit as shown in Fig. 5(a) . The picture of Fig. 5(b) reveals the very complicated structure of the closed curve of Fig. 5(a) . The way the pictures of the time-T maps of these attractors manifest themselves provides an effective visual aid in differentiating one type of attractor from another. As is illustrated in Table I , these attractors are organized in a repetitive asymptotic invariant pattern within a l-cycle as l ! 0. For more on these attractors, we refer the readers to Ref. 22 . 4. First, the behavioral set, i.e., the invariant pattern, is obtained in the first l-cycle. Given the known value of the multiplicative period and the starting l value, the range for the first l-cycle is known. Then, the behavioral set is determined by traversing this first l-cycle with a desired fixed increment of l, which, in the case of Table  I , is single-digit after the decimal point. Once the behavioral pattern and the first set of initial l values at the bifurcation points are obtained that way, we can use the theoretical value of the multiplicative period to determine good initial guesses for the l values at the bifurcation points within the subsequent l-cycles. Then, these initial guesses are refined to the desired accuracy by employing a method of bisection for each additional digit of accuracy. Our search for the transitional l values is facilitated by using the following two important facts: i. One is the explicitly known theoretical value of the multiplicative period P l , ii.
The other is the fact that, geometrically speaking, the three different attractors, i.e., sinks, Hénon-like, and rank one attractors, manifest themselves in quite different ways as shown in Figs. 3-5 (see remark #3 above). The distinction between sinks and Hénon-like attractors close to the bifurcation points may not always be clear. In such cases, one can resort to a number of quantitative criteria, such as Lyapunov spectra, power spectra, etc. 5. For the first l-cycle, a low precision is used on l so that the resulting dynamical pattern is manageable, i.e., the sequence of varying dynamical behavior is not too long. Hence, the first set of the actual ratio is not always close to the theoretical value given by Eq. (9). However, when we increase the l-precision in the subsequent l-cycles, the situation rectifies itself, and the computed ratios converge to the theoretical value of the multiplicative period. 6. In theory, the behavioral set is an infinitely complicated pattern of sinks, Hénon-like, and rank one attractors. As such, in our numerical experiments, we can only capture a finite snapshot of this infinitely complicated pattern. Such a snapshot is depicted in Fig. 1 . Using higher precisions on l in numerical simulations would yield more complicated invariant behavioral sets within a single l-cycle, i.e., a more frequently alternating sequence of sinks, Hénon-like and rank one attractors. For example, if, for the first l-cycle, we were to use an additional digit in traversing the first l interval, the behavioral set would be the sequence of S1, R2, S2, R2, S2, R2, HL2, S2, R2, S2, R2, and HL1, which is much more complicated compared to the one given in Table I . This is a direct consequence of the fact that, unlike sinks, the rank one and Hénon-like strange attractors are structurally unstable and, thus, not robust to l variations. 7. As was mentioned before, the tabulated results of Table I are obtained by using a fourth-order Runge-Kutta routine with a fixed step size of 0.01. Given the sensitive nature of our computations, if we were to use a different integration routine, or a different step size, the parameter values for the homoclinic orbit, i.e. the ðk; cÞ pair, as well as the individual l values at the bifurcation points, would slightly change. Although we cannot determine which integration routine or what step size would best reflect the actual physical behavior of the system, the multiplicative period would remain invariant under the use of any reasonable routine or step size. This is due to the fact that the phenomena presented in this paper is not an artifact of some numerical routine, but a manifestation of some physical law inherent in the systems of Eq. (5) satisfying the assumptions of the theory. 13, 14 The numerically obtained results of Table I are validated by the fact that these results closely match the qualitative (types of dynamical behavior and their periodic repetition) and quantitative (explicitly known value of the multiplicative period) predictions of the theory. 13, 14 8. Given k 0 ¼ 1:0, there is a value of c 0 such that the resulting unperturbed equation possesses a homoclinic orbit. In order to fulfil the requirements of the theory, 13, 14 the error in the value of c 0 must be much smaller than the magnitude of the applied forcing, l. Although we cannot theoretically determine how small this error must be with respect to l, our numerical experiments have shown that a 12-digit accuracy on c 0 is sufficient when l values are around 10
À5
. This 12-digit accuracy on c 0 is achieved by employing a method of bisection. 9. As can be seen from Table I , rank one attractors occur more frequently than sinks and Hénon-like attractors do. The frequency of occurrence of rank one attractors depends on the forcing frequency x. That is, the higher the forcing frequency x is, the higher the frequency of occurrence of rank one attractors is.
IV. CONCLUSION
In this paper, we have illustrated for the first time that, for the Duffing system, the entire dynamical scenario in the vicinity of the unperturbed homoclinic orbit is organized in an asymptotic invariant pattern that repeats itself periodically, in an accelerated fashion, with respect to the forcing magnitude l as l ! 0. Furthermore, this periodicity is an explicitly known function of the forcing period T and the unstable eigenvalue b and is given by e bT . Stated differently, for a given interval of the forcing magnitude l, ½l k ; l kþ1 Þ as l ! 0, there is an intrinsic pattern of dynamical behavior of the system that remains invariant provided that l k =l kþ1 ¼ e bT :
Although our result were obtained for the Duffing system, the theory 13,14 is applicable to a more general class of periodically perturbed second-order systems. In our view, it is not only surprising but also intriguing that, under certain circumstances, the entire dynamical scenario, including strange attractors dominated by sinks, Hénon-like attractors, and rank one attractors with SRB measures, would repeat itself periodically with respect to a known multiplicative period of the forcing magnitude.
It should be emphasized that, through random numerical investigations without the guidance of the theory, it would be practically impossible to find such periodically repeating invariant behavioral patterns.
Although our results in this paper are given for the specific case of Fig. 2 , the same periodicity with differing behavioral patterns applies under other interactions of the stable and unstable manifolds. A more comprehensive investigation covering all the cases of qualitatively different interaction scenarios of the stable and unstable manifolds is the subject of another study. 
